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L2 EXTENSION OF ∂¯-CLOSED FORMS ON WEAKLY PSEUDOCONVEX
KA¨HLER MANIFOLDS
JIAN CHEN AND SHENG RAO
One world, one fight
Abstract. Combining V. Koziarz’s observation about the regularity of some modified section
related to the initial extension with J. McNeal–D. Varolin’s regularity argument, we generalize
two theorems of McNeal–Varolin for the L2 extension of ∂¯-closed high-degree forms on a Stein
manifold to the weakly pseudoconvex Ka¨hler case under mixed positivity conditions.
Contents
1. Introduction: main results and applications 1
2. Some results used in the proofs 5
3. Proof of Theorem 1.1 8
Appendix A. Alternative proof of Theorem 1.3 17
Acknowledgement 18
References 19
1. Introduction: main results and applications
As well known, the task of the classical Ohsawa–Takegoshi theorem [OT87] is to extend a
holomorphic object from some lower or same dimensional analytic subvariety to the ambient space
with some L2 estimate involved. In recent years, problems of extending holomorphic sections have
been treated almost completely in the category of analytic manifolds. So it is natural to ask whether
these extensions are feasible for ∂¯-closed forms of high degree, which is a natural broadening of the
classical Ohsawa–Takegoshi–Manivel extension theorem for holomorphic sections of line bundles.
Many interesting works appear along this line, such as [Ma93, Dm00, Kz11, ZGZ12, Bn12,
BPZ15, MV19, ZZ19], etc. The biggest difficulty of this problem is the regularity issue for solutions
of related ∂¯-equation for high degree because ∂¯ operator for high degree is no longer hypoelliptic.
For solving the regularity issue, mainly two methods were adopted: minimizer method and Leray’s
isomorphism method.
L. Manivel [Ma93] firstly considered this problem, while his proof has difficulty to complete due
to the use of a singular weight and the failure of regularity for the solution of the related ∂¯-equation.
Then J.-P. Demailly [Dm00] suggested an approach to overcome this difficulty, while no one seems
to have implemented his program yet completely. V. Koziarz [Kz11] used the Leray’s isomorphism
to reduce the extension of high-degree forms to the classical zero-degree case and thereby deduced
extensions of cohomology classes. B. Berndtsson [Bn12] applied the minimizer method by solving a
∂¯-equation for a current to get the related extension theorem on compact manifolds. In [MV19], J.
McNeal–D. Varolin made use of the Kohn solution, to handle the well-known regularity issues on a
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Stein or essentially Stein manifold (i.e., a Ka¨hler manifold that becomes Stein after a hypersurface
is removed from it). Furthermore, L. Zhu–Q. Guan–X. Zhou [ZGZ12] and L. Baracco–S. Pinton–G.
Zampieri [BPZ15] also got some results in some special cases.
It is natural to ask whether we can establish extension theorems of ∂¯-closed forms of high degree
on general weakly pseudoconvex Ka¨hler manifolds. Recall that a complex manifold is weakly
pseudoconvex if it admits a smooth plurisubharmonic exhaustion function. Combining Koziarz’s
observation [Kz11] about the regularity of some modified section related to the initial ambient
extension with McNeal–Varolin’s regularity argument [MV19] for the extension of high-degree
forms, we generalize the L2 extension theorems (cf. Theorems 2.3 and 2.5) of McNeal–Varolin
[MV19] on a Stein manifold to a weakly pseudoconvex Ka¨hler manifold.
Theorem 1.1 (Ambient L2 extension). On a weakly pseudoconvex n-dimensional Ka¨hler manifold
(X,ω), let the smooth subvariety Y
ι→֒ X be the zero set of a holomorphic section s ∈ H0(X,E) of
a smooth Hermitian holomorphic line bundle (E,λ) and (L,ϕ) a smooth Hermitian holomorphic
line bundle. Assume that for any 0 ≤ q ≤ n− 1, the inequalities hold on X√−1∂∂¯(ϕ− λ) ∧ ωq ≥ σω ∧ ωq,(1.1) √−1∂∂¯(ϕ− (1 + δ)λ) ∧ ωq ≥ 0,(1.2)
|s|2e−λ ≤ 1,(1.3)
where σ is some positive lower semi-continuous function and 0 < δ ≤ 1 is some constant. Then
there is a universal constant C > 0 such that for any smooth section f of the bundle (KX ⊗ L⊗
Λ0,qT ⋆X)|Y → Y , satisfying
∂¯(ι∗f) = 0 and
∫
Y
|f |2ωe−ϕ
|ds|2ωe−λ
dVY,ω <∞,
there exists a smooth ∂¯-closed KX ⊗ L-valued (0, q)-form F on X with
F |Y = f and
∫
X
|F |2ωe−ϕdVX,ω ≤
C
δ
∫
Y
|f |2ωe−ϕ
|ds|2ωe−λ
dVY,ω <∞.
Here we denote by Λr,sT ⋆X the bundle of differential forms of bidegree (r, s) on X and similarly for
others.
Note that since (KX ⊗L⊗Λ0,qT ⋆X)|Y does not admit a natural notion of ∂¯, the above ι∗f is not
the usual pullback of differential forms, but induced as Definition 2.2. And the positivity conditions
(1.1) (1.2) hold in the sense of (q + 1, q + 1)-forms as follows: a real (1, 1)-form θ on X satisfies
the positivities on X
(1.4) θ ∧ ωq > (resp. ≥) 0
if and only if
λ1 + · · ·+ λq+1 > (resp. ≥) 0,
where λ1 6 · · · 6 λn are the eigenvalues of θ with respect to ω at any point x ∈ X. Moreover,
they are both equivalent to that 〈[θ,Λω]β, β〉ω is positive (resp. semipositive) at any point x ∈ X
for any (n, q + 1)-form β(x) 6= 0 (see Lemmata 2.9 and 2.10 for a better understanding).
For the case of semi-positivity conditions, the error term method of Demailly [Dm00] of solving
∂¯-equations is always used to overcome the lack of sufficient positivity. Unfortunately, we find no
good methods to combine the regularity argument of McNeal–Varolin with the error term method
to get a result under the semi-positivity conditions. The strict positivity condition (1.1) is mainly
applied to force the Dirichlet semi-norm to be a norm on some relatively compact domains of the
weakly pseudoconvex Ka¨hler manifold and to control well the estimate (3.12). However, since
there are a variety of vanishing theorems, Theorem 1.1 may not tell us anything valuable if one
considers the extension problem of cohomology as L is very highly positively curved.
Theorem 1.1 is clearly different from [Bn12, Theorem 3.1] which is in an intrinsic sense (see
Definition 2.1 for this notion) by the adjunction formula. We give an example satisfying the
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conditions of Theorem 1.1, but not in the setting of [MV19, Theorem 1] or the essentially Stein
case of [MV19] (cf. [MV19, p. 425]).
Example 1.2. Let (Bm, ω1) be the unit ball in C
m equipped with the Euclidean metric ω1 =√−1∂∂¯(z21 + · · · + z2m), and (Y, ω2) a k-dimensional compact Ka¨hler manifold which does not
have any closed complex hypersurfaces. By the heredity property of weakly pseudoconvexity,
X := Bm× Y is a weakly pseudoconvex Ka¨hler manifold equipped with the natural Ka¨hler metric
ω := π∗1ω1 + π
∗
2ω2. As X admits a compact submanifold Y which contains no hypersurfaces, it is
neither a Stein nor an essentially Stein manifold. Apparently, X is not a compact manifold, either.
Let
L = E = OX , s = z1, ϕ = |z|2, σ = q + 1− k
2(q + 1)
, and λ ≡ 0,
where z1 is the first global coordinate function on B
m, |z|2 := z21+ · · ·+z2m. Then the above setting
satisfies (1.1), (1.2) and (1.3) as q ≥ k.
Varolin suggested that one can take Y as a generic torus of dimension ≥ 2. In fact, a torus admits
no divisors if and only if it has algebraic dimension zero, i.e., the only meromorphic functions are
constant (e.g. [EF82, p. 31]). On the other hand, for a very general lattice Γ ⊂ Cn the meromorphic
function field K (Cn/Γ) is trivial (e.g. [Huy05, p. 58]). 
Just as [MV19, p. 423], if η is an L-valued (0, q)-form on Y, the orthogonal projection
P : T 0,1X |Y → T 0,1Y
induced by the Ka¨hler metric ω maps η to the ambient L-valued (0, q)-form P ∗η, given by
〈P ∗η, v¯1 ∧ · · · ∧ v¯q〉 := 〈η, (P v¯1) ∧ · · · ∧ (P v¯q)〉
in Ly for all y ∈ Y ι→֒ X and v1, . . . , vq ∈ T 1,0X,y. Around y, we choose a local coordinate and frame
(U, {z1, . . . , zn}, σ) such that Z ∩ U = {z1 = 0} and {dz¯1, dz¯2, · · · , dz¯n} is an ω(y)-orthonormal
basis of ∧0,1T ⋆X,y. At y, set η =
∑
1/∈J aJdz¯J ◦ ι ⊗ σ and then P ∗η =
∑
1/∈J aJdz¯J ⊗ σ. So P ∗ is
an isometry for the pointwise norm of L-valued (0, q)-forms induced by ω and the metric of L. As
ι∗P ∗η = η, we can apply Theorem 1.1 to f = P ∗u and obtain Theorem 1.3, while a sketch of a
direct proof for it is also given in Appendix A.
Theorem 1.3 (Intrinsic L2 extension). With the setting of Theorem 1.1, there is a universal
constant C > 0 such that for any smooth ∂¯-closed (KX ⊗L)|Y -valued (0, q)-form u on Y satisfying∫
Y
|u|2ωe−ϕ
|ds|2ωe−λ
dVY,ω <∞,
there exists a smooth ∂¯-closed KX ⊗ L-valued (0, q)-form U on X with
ι∗U = u and
∫
X
|U |2ωe−ϕdVX,ω ≤
C
δ
∫
Y
|u|2ωe−ϕ
|ds|2ωe−λ
dVY,ω <∞.
We now present two applications of the main theorems. The first one is a surjectivity theorem
for the restriction maps in Dolbeault cohomology. It is similar to the extension theorem for
cohomology classes (without L2 estimate) recently obtained by Zhou–Zhu [ZZ19, Theorem 1.1,
Remark 1.1] on a holomorphically convex manifold with the more general curvature conditions,
while our method is rather different from theirs.
Corollary 1.4. Let X,Y,E,L be as in Theorem 1.3 and also Y compact. Then the restriction
morphism
H0,q (X,KX ⊗ L) −→ H0,q
(
Y, (KX ⊗ L)|Y
)
is surjective for any 0 ≤ q ≤ n− 1.
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In the language of sheaf theory, Corollary 1.4 tells us that the homomorphism
Hq (X,OX (KX ⊗ L))→ Hq (Y,OY (KX ⊗ L)) ∼= Hq (X,OX (KX ⊗ L)⊗ OX/J) ,
where J is the ideal sheaf of Y , is surjective by Leray’s isomorphism. The surjectivity is of course
equivalent to the injectivity of the homomorphism
Hq+1 (X,OX (KX ⊗ L)⊗ J)→ Hq+1 (X,OX (KX ⊗ L)) ,
for any fixed 0 ≤ q ≤ n − 1. Note that Corollary 1.4 is trivial when L is highly positively curved
while it may still satisfy the setting of Theorem 1.3.
Much inspired by [Dm00, Corollary 4.11], we consider the extension behavior of ∂¯-closed forms
on bounded pseudoconvex domains as the second application of the main theorems. It tells us
some information about the relationship between smooth “generalized quasi-plurisubharmonic”
functions and ∂¯-closed forms.
Corollary 1.5. Let Ω ⊂ Cn be a bounded pseudoconvex domain, and Y ⊂ X a nonsingular complex
subvariety defined by a section s of some Hermitian holomorphic line bundle (E,λ). Assume that
s is everywhere transverse to the zero section and that |s| 6 1 on Ω. Let ϕ be an any smooth
function such that for 0 ≤ q ≤ n− 1, some δ ∈ (0, 1] and the Chern curvature form ΘE of (E,λ),√−1∂∂¯ϕ− ΘE and
√−1∂∂¯ϕ− (1 + δ)ΘE are below-bounded in the sense of (1.4) on Ω, i.e., the
sums of their smallest q+1 eigenvalues with respect to the standard complex Euclidean metric are
below bounded on Ω. Then there is a constant C > 0 (depending on Ω and the “lower bound” of√−1∂∂¯ϕ−ΘE and
√−1∂∂¯ϕ− (1+ δ)ΘE on Ω in the sense of (1.4)), with the following property:
for any ∂¯-closed (n, q)-form or (0, q)-form f on Y with∫
Y
|f |2 |ds|−2 e−ϕdVY < +∞,
there exists a ∂¯-closed extension F of f to Ω with∫
Ω
|F |2e−ϕdVΩ 6 C
∫
Y
|f |2
|ds|2 e
−ϕdVY .
Proof. Assume first that f is a ∂¯-closed (n, q)-form on Y . Let L := Ω × C be the trivial bundle
equipped with a weight function e−ϕ−A|z|
2
. We can choose a sufficiently large constant A > 0
which depends on the “lower bound” of
√−1∂∂¯ϕ − ΘE and
√−1∂∂¯ϕ − (1 + δ)ΘE on Ω in the
sense of (1.4) such that the curvature assumptions (1.1) and (1.2) are satisfied. Then there exists
an extension F of f to Ω such that∫
Ω
|F |2e−ϕe−A|z|2dVΩ 6 Ĉ
∫
Y
|f |2
|ds|2 e
−ϕe−A|z|
2
dVY
according to Theorem 1.3. Note that e−A|z|
2
has lower and upper bounds which depend on Ω. So
there exists C which depends on Ω and the “lower bound” of
√−1∂∂¯ϕ−ΘE and
√−1∂∂¯ϕ− (1+
δ)ΘE on Ω in the sense of (1.4), such that∫
Ω
|F |2e−ϕdVΩ 6 C
∫
Y
|f |2
|ds|2 e
−ϕdVY .
When f is a ∂¯-closed (0, q)-form on Y , the application of the above argument for f ∧ dz1 ∧ dz2 ∧
· · · ∧ dzn and |dz1 ∧ dz2 ∧ · · · ∧ dzn| = 1 (possibly after normalizing the Euclidean metric) complete
the proof. 
One would expect to weaken the pseudoconvexity assumption of X in Theorem 1.1 as the
existence of an upper semi-continuous exhaustion on X and thus Ω in Corollary 1.5 could be
weakened to be just a bounded domain in Cn admitting an upper semi-continuous exhaustion.
However, Varolin provided us with a counterexample to the expectation.
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Example 1.6. Set the domain Ω :=
{
z ∈ C2; 12 < |z| < 1
}
and the subspace
Y :=
{
z =
(
z1, z2
) ∈ Ω; z2 = 0} .
Then it is easy to construct a continuous exhaustion, such as ρ = 1(|z|−1/2)(1−|z|) . Take the function
f(ζ, 0) := ζ−n for any n ∈ N+. Then ∫Y |f |2|dz2|−2dVY < +∞. So if one assumes the above
expectation, then there exists some F ∈ O(Ω) such that F |Y = f . By Hartogs theorem and the
identity theorem, F has a unique extension to the unit ball. The restriction of this extension to Y
agrees with f, and this means that f itself has a holomorphic extension to the unit disk D× {0}.
This is impossible by the identity theorem and that ζ−n blows up near the origin in D. 
A further interesting topic about the extension of ∂¯-closed forms is the singular metric version of
the main results here, which is very attractive and full of application prospects. However, it seems
very difficult for extensions of general ∂¯-closed forms. In [MV19, Remark 1.2], McNeal–Varolin
told us that the routine method—taking a regularization of the singular weight first and then
passing to some kind of limit—cannot get the singular version of their extension theorems at least
on a Stein manifold due to that the minimal extension operator may not exist.
The other difficulty of dealing with the singular metric version is that the operator ∂¯-Laplacian
with respect to a singular metric may lose the ellipticity in general. Demailly [Dm00, p. 17]
hoped that the Laplacian with respect to a singular metric may have a little “ellipticity” when
the singularity of the metric involved is mild. The expectation of Demailly seems to be a difficult
problem in PDE. All in all, it seems very difficult to obtain the singular metric version of an L2
extension theorem of general ∂¯-closed forms.
The paper is organized as follows. We list some results in Section 2 to be used in the proof of
Theorem 1.1. Then, we prove Theorem 1.1 in Section 3. At last, we give a sketch of a direct proof
of Theorem 1.3 in Appendix A.
Notation 1.7. Unless otherwise stated, we will always adopt the notations in Section 1 in the
latter sections and in particular, use |s| or |s|e−λ/2 to denote the pointwise norm of s.
2. Some results used in the proofs
In this section, we collect several results to be used in the proofs of our main results. Let
ι : Y →֒ X be the natural inclusion of a smooth complex hypersurface Y in a complex manifold
X and L a line bundle on X.
It is noteworthy that when q ≥ 1, there are two natural choices for the restriction to Y of an
L-valued (0, q)-form on X:
(i) one can pull back the L-valued differential form on X via the natural inclusion Y
ι→֒ X to
produce an L-valued (0, q)-form on Y , i.e., a section of L|Y ⊗Λ0,qT ⋆Y → Y , which we call the
intrinsic restriction, or
(ii) one can view an L-valued (0, q)-form as an abstract section of an abstract bundle L⊗Λ0,qT ⋆X
and pullback the section. That is to say, the restriction is a section of the restricted vector
bundle (L⊗ Λ0,qT ⋆X)|Y → Y . We call a section of the vector bundle (L⊗ Λ0,qT ⋆X)|Y → Y an
ambient form, and the restriction of an L-valued (0, q)-form on X to Y an ambient restriction.
More precisely, one has the following definitions.
Definition 2.1 ([MV19, Definition 3.1]).
(i) An L|Y -valued (0, q)-form η on Y is called the intrinsic restriction of an L-valued (0, q)-form
θ on X if
ι∗θ = η.
(ii) A section ξ of the vector bundle (L⊗Λ0,qT ⋆X)|Y is called the ambient restriction of an L-valued
(0, q)-form θ on X if
θ(y) = ξ(y)
for all y ∈ Y , that is θ|Y = ξ. Note that |θ(y)| = |ξ(y)| on Y when X and L are equipped
with some Hermitian metrics in this case.
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Since (L⊗Λ0,qT ⋆X)|Y is not a holomorphic vector bundle, it does not admit a natural notion of
∂¯. Then one needs:
Definition 2.2 ([MV19, p. 422]). Let ι : Y →֒ X be the natural inclusion of a smooth complex
hypersurface Y in a complex manifold X and L a line bundle on X. Then for any ambient form
ξ, ι∗ξ is defined to be an L|Y -valued (0, q)-form on Y by
〈ι∗ξ, v¯1, . . . , v¯q〉 := 〈ξ, dι(y)v¯1, . . . , dι(y)v¯q〉 in Ly (y ∈ Y ), v1, . . . , vq ∈ T 1,0Y,y .
Note that ∂¯(ι∗ξ) is now well defined naturally.
In [MV19], McNeal–Varolin established the following two extension theorems and we will use
them to construct some smooth extensions locally on a weakly pseudoconvex Ka¨hler manifold in
Subsection 3.1 and Appendix A.
Theorem 2.3 (Ambient L2 extension). Let X be an n-dimensional Stein manifold with Ka¨hler
form ω and ι : Y →֒ X a smooth hypersurface. Let L → X be a holomorphic line bundle with
smooth Hermitian metric e−ϕ. Assume that the line bundle LY → X associated to the smooth
divisor Y has a section s ∈ H0 (X,LY ) and a smooth Hermitian metric e−λ such that Y is the
divisor of s and
sup
X
|s|2 e−λ ≤ 1.
Assume also that for any 0 ≤ q ≤ n− 1,
√−1 (∂∂¯ (ϕ− λ) + Ricci(ω)) ∧ ωq ≥ 0
and √−1 (∂∂¯ (ϕ− (1 + δ)λ) + Ricci(ω)) ∧ ωq ≥ 0
for some constant 0 < δ ≤ 1. Then there is a constant C > 0 such that for any smooth section ξ
of the vector bundle
(
L⊗ Λ0,qT ⋆X
)∣∣
Y
→ Y satisfying
∂¯ (ι∗ξ) = 0 and
∫
Y
|ξ|2ωe−ϕ
|ds|2ω e−λ
ωn−1 < +∞,
there exists a smooth ∂¯-closed L-valued (0, q)-form Ξ on X with
Ξ|Y = ξ and
∫
X
|Ξ|2ωe−ϕ
ωn
n!
≤ C
δ
∫
Y
|ξ|2ωe−ϕ
|ds|2ω e−λ
ωn−1
(n− 1)! .
The constant C is universal, i.e., it is independent of all the data.
Remark 2.4. On the above theorem, there is a typo on [MV19, Theorem 1] which only requires
δ > 0. In fact, we can conclude that the first two lines in [MV19, p. 438] cannot be true if δ > 1.
Denote ev in [MV19, p. 438] by |s|2 here, and then
ev(τ +A) = |s|2(2 + 2ea−1 + log(2ea−1 − 1)) ≥ |s|2 · 2ea−1 = 2e
γ−1|s|2
(ε2 + |s|2)δ .
As δ > 1, the above is
2eγ−1 · |s|
2
ε2 + |s|2 ·
1
(ε2 + |s|2)δ−1 ,
which cannot be bounded when ε→ 0 and |s| → 0 (take |s| = ε→ 0 for example).
Theorem 2.5 (Intrinsic L2 extension). With the hypotheses of Theorem 2.3, there is a universal
constant C > 0 such that for any smooth ∂¯-closed L-valued (0, q)-form η on Y satisfying∫
Y
|η|2ωe−ϕ
|ds|2ω e−λ
dVY,ω < +∞,
L2 EXTENSION OF ∂¯-CLOSED FORMS ON WEAKLY PSEUDOCONVEX KA¨HLER MANIFOLDS 7
there exists a smooth ∂¯-closed L-valued (0, q)-form Π on X such that
ι∗Π = η and
∫
X
|Π|2ωe−ϕdVω ≤
C
δ
∫
Y
|η|2ωe−ϕ
|ds|2ω e−λ
dVY,ω.
Consider the modified ∂¯-operators
T := ∂¯ ◦
√
τ +A and S :=
√
τ · ∂¯
acting on (n, q)-forms with values in a vector bundle, where τ , A are positive smooth functions.
Then S ◦T = 0. In solving ∂¯-equation, the basic estimate about the modified ∂¯ operator is always
needed to construct some bounded linear functionals. On different occasions, several classical basic
estimates have been established in [Os95, Bn96, Mc96, Si96, Dm00], for example. Here we adopt
the following one.
Lemma 2.6 (Twisted basic estimate). Let (X,ω) be a Ka¨hler manifold and E a holomorphic
line bundle with a smooth Hermitian metric e−ϕ over X. Assume that τ and A are smooth and
positive functions on X. Fix a smoothly bounded domain Ω ⊂⊂ X such that its boundary ∂Ω
is pseudoconvex (e.g. [Va10, Section 1.5] for this notion and its effect). Then for any smooth
E-valued (n, q)-form u in the domain of ∂¯∗ϕ, one has the estimate∫
Ω
(τ +A)
∣∣∂¯∗ϕu∣∣2ω e−ϕdVω +
∫
Ω
τ
∣∣∂¯u∣∣2
ω
e−ϕdVω
≥
∫
Ω
〈[√−1(τ∂∂¯ϕ− ∂∂¯τ − ∂τ ∧ ∂¯τ
A
)
,Λω
]
u, u
〉
ω
e−ϕdVω,
where Λω is the dual Lefschetz operator.
Proof. The proof is the same as that of [MV19, Lemma 2.2] which is in the context of the Stein set-
ting. However, the estimate attributes essentially to the usual twisted Bochner–Kodaira–Morrey–
Kohn identity and the pseudoconvexity of ∂Ω. 
Furthermore, the ellipticity of the twisted ∂¯-Laplacian  := TT ∗ + S∗S is needed.
Lemma 2.7 ([MV19, Proposition 2.3]). Assume that the functions τ , A and the Hermitian metric
e−ϕ of the holomorphic line bundle E are smooth, and that τ and τ + A are positive, then the
operator  is second order (interior) elliptic with smooth coefficients.
Lemma 2.8 ([Dm82, Lemma 6.9]). Let Ω be an open subset of Cn and Y an analytic subset of Ω.
Assume that v is a (p, q−1)-form with L2
loc
coefficients and w is a (p, q)-form with L1
loc
coefficients
such that ∂¯v = w on Ω \ Y (in the sense of distribution theory). Then ∂¯v = w on Ω. (A more
general version for the first order differential operator can be found in [Bk18, Proposition 4.8].)
Lemma 2.9 ([Dm12, Chapter VI-(5.8) Proposition]). Let (X,ω) be an n-dimensional Hermitian
manifold and γ a real (1, 1)-form. Then there exists an ω-orthogonal basis (ζ1, ζ2, . . . , ζn) in T
1,0
X
which diagonalizes both forms ω and γ :
ω =
√−1
∑
16j6n
ζ⋆j ∧ ζ¯⋆j , γ =
√−1
∑
16j6n
γjζ
⋆
j ∧ ζ¯⋆j , γj ∈ R.
For every form u =
∑
uJ,Kζ
⋆
J ∧ ζ¯⋆K , one has
[γ,Λω]u =
∑
J,K

∑
j∈J
γj +
∑
j∈K
γj −
∑
16j6n
γj

uJ,Kζ⋆J ∧ ζ¯⋆K .
Lemma 2.10 ([Dm12, Chapter VIII-(6.4)]). Let θ be a smooth real (1, 1)-form on an n-dimensional
Hermitian manifold (X,ω). If λ1(x) 6 · · · 6 λn(x) are the eigenvalues of θ with respect to ω for
all x ∈ X and λ1 + · · · + λq > 0, then for arbitrary (n, q)-form g on X,
〈[θ,Λω]g, g〉ω > (λ1 + · · ·+ λq) |g|2ω
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and ∫
X
〈
[θ,Λω]
−1g, g
〉
ω
dVω 6
∫
X
1
λ1 + · · · + λq |g|
2
ωdVω.
Lemma 2.11. Let (X,ω) be an n-dimensional Hermitian manifold and θ a continuous (1, 0)-form.
Then for any (n, q)-form α, we have[√−1θ ∧ θ¯,Λω]α = Tθ¯T ∗θ¯ α,
where Tθ¯ denotes θ¯ ∧ •.
Proof. The proof is the same as that of [GZ15b, Lemma 4.2]. 
From classical knowledge about matrices (e.g. [La07]), we can easily get the following result.
Lemma 2.12. Assume that A and B are Hermitian matrices of n×n and both of them are positive
definite. Then A−B > 0 implies that B−1 −A−1 > 0.
From Lemma 2.12, we can easily conclude the following comparison theorem.
Lemma 2.13. Let θ1 and θ2 be smooth real (1, 1)-forms on an n-dimensional Hermitian manifold
(X,ω). Assume that (θ1 − θ2) ∧ ωr > 0, θ1 ∧ ωr > 0 and θ2 ∧ ωr > 0. Then
[θ2,Λω]
−1 − [θ1,Λω]−1
is positive definite on (n, r + 1)-forms.
Remark 2.14. The above lemma is a little bit different from and stronger than the classical
result about the non-increasing of [θ,Λω]
−1 with respect to θ (see [Dm82, Lemma 3.2] or [Bk18,
Propositon 5.2]). Here we know nothing about the comparison information between θ1 and θ2 and
only know the comparison data between θ1 ∧ ωr and θ2 ∧ ωr. However, from a point of view of
positive definite transformation we can easily get the above lemma.
The following observation is useful to give a direct proof of Proposition 3.3.
Lemma 2.15 ([GZ15a, p. 609], or [Bk18, Lemma 9.20]). If g is an integrable function near 0 ∈ Rd,
then there exists a sequence xj → 0 in Rd such that |g (xj)| = o
(
|xj |−d
)
.
3. Proof of Theorem 1.1
We split the proof of Theorem 1.1 in several steps.
3.1. Construction of a smooth extension f˜∞. Let {Wα} be the Stein coordinate patches of
X, biholomorphic to polydiscs, and admit the following property: if we denote the corresponding
coordinates by (zα, wα) ∈ ∆ × ∆n−1, where wα =
(
w1α, . . . , w
n−1
α
)
, then Wα ∩ Y = {zα = 0}.
On each Wα, we fix some holomorphic σα ∈ Γ (Wα,KX ⊗ L) to trivialize KX ⊗ L. Let {θα} be a
partition of unity subordinate to {Wα}. For arbitrary α, (1.1),(1.2),(1.3) and −Ricci(ω) = Θ(KX)
along with Theorem 2.3 can conclude that there exists an ambient ∂¯-closed extension fα of f on
Wα. Set f˜∞ :=
∑
α θα · fα. Then
∂¯f˜∞ = ∂¯
∑
α
θα · (fα − fβ) =
∑
α
∂¯θα · (fα − fβ) on Wβ.
So ∂¯f˜∞ = 0 along Y . Note that f˜∞ can also be obtained by the same method as [Dm00, (4.4)] or
[Kz11, Proof of Lemma 3.1].
For the nice regularity of gε in Subsection 3.3, we need some regularity of ∂¯f˜∞ twisted by s
−1.
On this, Koziarz [Kz11, Lemma 3.1] had provided us with a useful trick to raise the regularity of
s−1∂¯f˜∞ and still preserve the ambient extension property of f˜∞ as follows.
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We proceed by induction to get the regularity of s−1∂¯f˜∞. One says that f˜∞ enjoys the property
(Pk) for k ≥ 1, if on each Wα
(3.1)
∂¯f˜∞ = zαf˜α (zα, wα) + z¯
k
α

dz¯α ∧ ∑
|I|=q
aI (wα)σαdw¯
I
α +
∑
|I′|=q+1
bI′ (wα) σαdw¯
I′
α


+ z¯k+1α hα (zα, wα)
for some f˜α, hα ∈ E∞
(
Wα,Λ
n,q+1T ⋆X ⊗ L
)
and aI , bI′ ∈ E∞
(
∆n−1,C
)
with the increasing multi-
indices I, I ′.
Note that for k ≥ 2, z¯kz is of class Ek−2 on a complex plane, where z is the complex analytic
coordinate. Then f˜∞ enjoying the property (Pk) implies that
s−1∂¯f˜∞ ∈ Ek−2
(
X,Λn,q+1T ⋆X⊗ L⊗ OX(−Y )) , for k ≥ 2.
In mathematical analysis, one has an observation in the spirit of the Taylor expansion that, a
smooth function f of one real variable which vanishes at the origin can be written as f(x) = x·g(x)
for a smooth function g. It can be proved by the L’Hospital’s rule to show that g is of class Ek
for any positive k. Then since ∂¯f˜∞ = 0 along Y ∩Wα = {zα = 0} and ∂¯f˜∞ is smooth, one can
expand ∂¯f˜∞ along the coordinate function zα such that
∂¯f˜∞ = zα · g1 + z¯α · g2,
where g1 and g2 are the corresponding smooth forms. So expanding g2 along the coordinate
function zα again similarly can conclude that f˜∞ enjoys the property (P1).
A direct calculation shows
∂¯
(
∂¯f˜∞
)
= zα∂¯f˜α (zα, wα) + kz¯
k−1
α dz¯α ∧

 ∑
|I′|=q+1
bI′ (wα)σαdw¯
I′
α


+ z¯kαh
′
α (zα, wα)
for some h′α ∈ E∞
(
Wα,Λ
n,q+2T ⋆X ⊗ L
)
. Then all the above bI′ vanish identically as ∂¯
(
∂¯f˜∞
)
= 0.
So we take
f˜ ′∞ = f˜∞ −
∑
α
θα
z¯k+1α
k + 1
∑
|I|=q
aI (wα)σαdw¯
I
α
to get
∂¯f˜ ′∞ = ∂¯f˜∞ −
∑
α
(
z¯k+1α
k + 1
∂¯θα + θαz¯
k
αdz¯α
)
∧
∑
|I|=q
aI (wα)σαdw¯
I
α
−
∑
α
θα
z¯k+1α
k + 1
∂¯

∑
|I|=q
aI (wα) σαdw¯
I
α


=
∑
α
θα

∂¯f˜∞ − z¯kαdz¯α ∧ ∑
|I|=q
aI (wα)σαdw¯
I
α

+∑
α
z¯k+1α h
′′
α (zα, wα)
=
∑
α
zαθαf˜α (zα, wα) +
∑
α
z¯k+1α
(
θαhα (zα, wα) + h
′′
α (zα, wα)
)
for some h′′α ∈ E∞0
(
Wα,Λ
n,q+1T ⋆X ⊗ L
)
. Then ∂¯f˜ ′∞ satisfies (3.1) for k + 1 on each Wα, possibly
after some transformations of coordinates. Then f˜ ′∞ enjoys the property (Pk+1). Apparently, f˜
′
∞
is still the ambient extension of f while ∂¯f˜ ′∞ still vanishes along Y .
In conclusion, we have proved the following results.
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Proposition 3.1. For any k ≥ 0, there exists a smooth section
f˜∞ ∈ E∞(X,Λn,qT ⋆X ⊗ L)
such that
(a) f˜∞ is the ambient extension of f ,
(b) ∂¯f˜∞ = 0 at every point of Y ,
(c) s−1∂¯f˜∞ ∈ Ek(X,Λn,q+1T ⋆X ⊗ L⊗ OX(−Y )) = Ek(X,Λn,q+1T ⋆X ⊗ L⊗ E∗).
From now on, we fix k ≥ 2.
3.2. Construction of special weights and twist factors. For the sake of completeness, we
write the following constructions concretely, which is almost the same as [MV19, § 4.1].
Set
e−ψ := e−ϕ+λ.
Next we turn to the choices of the functions A and τ as in [Va08, MV07] and more originally
[MV07].
Let
h(x) := 2− x+ log (2ex−1 − 1) , v := log |s|2 and a := γ − δ log (|s|2 + ε2) ,
where 0 < δ ≤ 1 is as in the main theorems, x > 1, and γ > 1 is a real number such that a > 1.
Note that
(3.2) a ≥ γ − δ log(1 + ε2) ≥ γ − δε2
due to (1.3). That is to say, for fixed γ > 1, there exists ε0 > 0, a− 1 has a positive lower bound
which is independent of ε when ε < ε0. It is easy to see that
h′(x) = (2ex−1 − 1)−1 ∈ (0, 1) and h′′(x) = −2e
x−1
(2ex−1 − 1)2 < 0.
Define
τ := a+ h(a) and A :=
(1 + h′(a))2
−h′′(a) .
Then A = 2ea−1. Furthermore, (3.2) gives
(3.3) τ − (1 + h′(a)) > σ′
for some constant σ′ > 0 which is independent of ε when ε < ε0. Moreover, these choices guarantee
that
−∂∂¯τ −A−1∂τ ∧ ∂¯τ = (1 + h′(a)) (−∂∂¯a).
Finally, a straightforward calculation yields
−∂∂¯a = δ∂∂¯ log (ev + ε2)
=
δ|s|2
|s|2 + ε2 ∂∂¯v +
4δε2∂|s| ∧ ∂¯|s|
(|s|2 + ε2)2
= −δ |s|
2
|s|2 + ε2∂∂¯λ+
4δε2∂|s| ∧ ∂¯|s|
(|s|2 + ε2)2 ,
where the last equality follows from the Lelong–Poincare´ equation and |s|2[Y ] = 0 due to Supp[Y ] =
Y .
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A direct calculation together with (1.1), (1.2) and (3.3) yields
√−1 (τ(∂∂¯ψ)− ∂∂¯τ −A−1∂τ ∧ ∂¯τ) ∧ ωq
=
√−1 (τ (∂∂¯ (ϕ− λ))+ (1 + h′(a)) (−∂∂¯a)) ∧ ωq
=
(
τ − (1 + h′(a)) ( |s|2|s|2 + ε2
))
· √−1∂∂¯ (ϕ− λ) ∧ ωq
+
√−1 (1 + h′(a)) |s|2|s|2 + ε2 (∂∂¯ (ϕ− λ)− δ∂∂¯λ) ∧ ωq
+
√−1 (1 + h′(a)) (4δε2∂|s| ∧ ∂¯|s|
(|s|2 + ε2)2
)
∧ ωq
>
√−1δ
(
4ε2∂|s| ∧ ∂¯|s|
(|s|2 + ε2)2
)
∧ ωq + σ′σω ∧ ωq
> 0.
(3.4)
Set
Bε :=
√−1 (τ(∂∂¯ψ)− ∂∂¯τ −A−1∂τ ∧ ∂¯τ) .
Then (3.4) tells us that
(3.5) Bε ∧ ωq >
√−1δ
(
4ε2∂|s| ∧ ∂¯|s|
(|s|2 + ε2)2
)
∧ ωq
and
(3.6) Bε ∧ ωq ≥ σ′σω ∧ ωq
hold on X.
3.3. Solving twisted ∂¯-Laplace equations with estimates. Recall that in Theorem 1.1, f is
a smooth section of the vector bundle
(
KX ⊗ L⊗ ∧0,qT ⋆X
)∣∣
Y
→ Y for any 0 ≤ q ≤ n−1 satisfying
∂¯ (ι∗f) = 0 and
∫
Y
|f |2ωe−ϕ
|ds|2ωe−λ
dVY,ω <∞.
And one has obtained an ambient extension f˜∞ of f in Proposition 3.1. Let 0 < c ≪ 1 and
θ ∈ E∞0 ([0,+∞)) a cutoff function with values in [0, 1] such that θ|[0,c] ≡ 1 and θ|[1,+∞) ≡ 0 and
|θ′| ≤ 1 + 2c. For ε > 0, define
gε := s
−1∂¯(θ
(
ε−2|s|2) f˜∞) = s−1∂¯(θ(ε−2|s|2)) ∧ f˜∞ + s−1θ(ε−2|s|2)∂¯f˜∞.
The first term in gε can be easily written as
(3.7) g(1)ε = ∂¯|s| ∧
2|s|(ε−2|s|2 + 1)θ′(ε−2|s|2)
|s|2 + ε2 s
−1f˜∞.
We also denote the second term s−1θ(ε−2|s|2)∂¯f˜∞ in the above expression of gε by g(2)ε .
From the smoothness of g
(1)
ε and the regularity information of g
(2)
ε by Proposition 3.1.(c), we
know that gε ∈ Ek
(
X,Λn,q+1T ⋆X ⊗ L⊗ E
)
. Moreover, gε is ∂¯-closed outside Y according to the
definition of gε. So gε is ∂¯-closed on X due to the continuity of ∂¯gε.
Assume that φ is a smooth plurisubharmonic exhaustion function of the weakly pseudoconvex
Ka¨hler manifold X. Due to the Sard’s theorem, we can always assume that Ωj := {φ < j} , j =
1, 2, . . . , satisfy
Ωj ⊂⊂ Ωj+1 and lim
j→∞
Ωj =
⋃
j≥1
Ωj = X,
and every ∂Ωj is smooth and pseudoconvex. From now on, we will work on Ωj instead of X until
the end of the penultimate step.
12 JIAN CHEN AND SHENG RAO
For any smooth KX ⊗ L⊗E∗-valued (0, q + 1)-form β in the domain of T ∗ and S, we infer the
inequality
|〈β, gε〉|2L2 ≤ 〈[Bε,Λω]−1gε, gε〉L2〈[Bε,Λω]β, β〉L2
≤ 〈[Bε,Λω]−1gε, gε〉L2(||T ∗β||2 + ||Sβ||2)
(3.8)
from Bε ∧ωq > 0, Cauchy–Schwarz inequality and Lemma 2.6. By the variant of Cauchy–Schwarz
inequality
〈α1 + α2, α1 + α2〉 ≤ 〈α1, α1〉+ 〈α2, α2〉+ c 〈α1, α1〉+ 1
c
〈α2, α2〉
we have
(3.9) 〈[Bε,Λω]−1gε, gε〉L2 ≤ (1 + c)〈[Bε,Λω]−1g(1)ε , g(1)ε 〉L2 + (1 + 1/c)〈[Bε,Λω]−1g(2)ε , g(2)ε 〉L2 ,
where c is taken, for convenience, to be the same c as that in the definition of the cutoff function
θ. Then according to Lemmata 2.13 and 2.11, (3.5) and (3.7) give the estimate
(3.10)
(1 + c)〈[Bε,Λω]−1g(1)ε , g(1)ε 〉L2 ≤ (1 + c)
∫
Ωj
(|s|2 + ε2)2
4ε2δ
〈(T∂¯|s|T ∗∂¯|s|)−1g(1)ε , g(1)ε 〉ωe−ψdVω
= (1 + c)
∫
Ωj
(|s|2 + ε2)2
4ε2δ
〈T−1
∂¯|s|
g(1)ε , T
−1
∂¯|s|
g(1)ε 〉ωe−ψdVω
=
1 + c
δ
∫
Ωj
(ε−2|s|2 + 1)2θ′(ε−2|s|2)2
ε2
|f˜∞|2ωe−ϕdVω
≤ 4(1 + c)(1 + 2c)
2
δ
∫
Ωj∩{ε−2|s|2≤1}
ε−2|f˜∞|2ωe−ϕdVω.
We denote the right-hand side of the above inequality by Cc,ε, whose limit is
(3.11)
8π(1 + c)(1 + 2c)2
δ
∫
Ωj∩Y
|f |2ωe−ϕ
|ds|2ωe−λ
dVY,ω as ε→ 0,
by the Fubini theorem and Proposition 3.1.(a).
It’s turn to estimate the term involving g
(2)
ε . The relative compactness of Ωj and the lower
semi-continuity of σ imply that (q + 1)σ′σ has a positive lower bound λj which is independent of
ε. Then Lemma 2.10 and (3.6) and the boundedness of θ imply
(1 +
1
c
)
〈
[Bε,Λω]
−1g(2)ε , g
(2)
ε
〉
L2
≤ (1 + 1
c
)
∫
Ωj
1
(q + 1)σ′σ
〈s−1θ (ε−2|s|2) ∂¯f˜∞, s−1θ (ε−2|s|2) ∂¯f˜∞〉ωe−ψdVω
≤ (1 + 1
c
)
1
λj
∫
Ωj∩{ε−2|s|2≤1}
|s−1∂¯f˜∞|2ωe−ψdVω.
As s−1∂¯f˜∞ is of class E
k on X and the volume of the integral region of above is ∼ O(ε2) due to
the relative compactness of Ωj,
(3.12) (1 +
1
c
)
〈
[Bε,Λω]
−1g(2)ε , g
(2)
ε
〉
L2
∼ O(ε2),
which depends on c and j.
Denote Cc,ε +O(ε
2) by
Cε,j,c
δ . Then it follows
(3.13) |〈β, gε〉|2L2 ≤
Cε,j,c
δ
(
‖T ∗β‖2 + ‖Sβ‖2
)
from (3.8),(3.9),(3.10) and (3.12).
Set  := TT ∗ + S∗S. Then we will solve the equation
Vε = gε
in the standard way on the basis of the above estimate (3.13).
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The Dirichlet semi-norm is defined as
‖β‖2H := ‖T ∗β‖2 + ‖Sβ‖2
for any smooth KX ⊗L⊗E∗-valued (0, q+1)-form in the domain of T ∗ and S. Since σ is positive
lower semi-continuous and σ′ > 0, the original norm is dominated by the Dirichlet norm multiplied
by some constant on the relatively compact domain Ωj due to Lemmata 2.6 and 2.10 and the strict
positivity (3.6) of Bε on X. So the Dirichlet semi-norm is a norm on Ωj.
Let H denote the Hilbert space closure of the set of all smooth KX ⊗L⊗E∗-valued (0, q +1)-
forms in the domain of T ∗ and S. Consider the functional ℓ : H → C, defined by
ℓ(β) := (β, gε) =
∫
Ωj
〈β, gε〉ω e−ϕ+λdVω.
Recall that the original L2-norm is dominated by the Dirichlet norm for smooth KX ⊗ L ⊗ E∗-
valued (0, q + 1)-forms in the domain of T ∗ and S. So it is easy to see that (3.13) holds for every
element of H by taking limits with respect to the graph norm by the density of DT ∗ ∩DS ∩E∞(Ω¯)
in DT ∗ ∩DS . So ℓ is a bounded linear functional on H , and the H ∗-norm of ℓ is no more than
δ−1Cε,j,c. Then there exists Vε,j ∈ H (here we omit the subscript c for Vε,j due to that the c << 1
is fixed until Remark 3.6) such that
‖Vε,j‖2H = ‖ℓ‖2H ∗ ≤ δ−1Cε,j,c and (gε, β) = (T ∗Vε,j, T ∗β) + (SVε,j, Sβ)
by the Riesz representation theorem. The latter defines the meaning of
Vε,j = gε
in the weak sense, as β goes through all the smooth compactly supported forms. Moreover, Lemma
2.7 and gε ∈ Ek tell us that Vε,j = gε in the usual sense and that Vε,j is of class Ek+2 on Ωj. As
S ◦ T = 0 and Sgε =
√
τ ∂¯gε = 0, we find that
0 = (SVε,j, SVε,j) = ‖S∗SVε,j‖2
and thus ‖SVε,j‖2 = (S∗SVε,j, Vε,j) = 0.
Now in conclusion we obtain an L⊗ E∗-valued (n, q + 1)-form Vε,,j of class Ek+2 such that
Vε,j = gε and ‖Vε,j‖2H ≤
Cε,j,c
δ
.
Set vε,j := T
∗Vε,j. It follows that
Tvε,j = Vε,j = gε.
Then we have proved the following theorem.
Theorem 3.2. The equation Tvε,j = gε has a solution vε,j ∈ Ek+1(Ωj, L⊗E∗⊗Λn,qT ⋆X) satisfying
the L2-estimate ∫
Ωj
|vε,j|2ω e−ϕ+λdVω ≤
Cε,j,c
δ
.
3.4. Construction of an Ek+1 extension on Ωj with uniform L
2 bound. Set
uε,j := θ
(
ε−2|s|2) f˜∞ −√τ +Avε,j ⊗ s.
Then
uε,j ∈ Ek+1(Ωj, L⊗ Λn,qT ⋆X), uε,j|Y = f and ∂¯uε,j = s⊗ (gε − Tvε,j) = 0.
Since θ
(
ε−2|s|2) is bounded and supported on a set whose measure tends to 0 with ε→ 0 and Ωj
is relatively compact, there exists εj > 0 sufficiently small so that whenever ε ≤ εj , one has∫
Ωj
|uε,j|2ω e−ϕdVω = (1 + o(1))
∫
Ωj
(τ +A) |vε,j|2ω |s|2 e−ϕdVω
= (1 + o(1))
∫
Ωj
(ev(τ +A)) |vε,j|2ω e−ϕ+λdVω,
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where the infinitesimaali above is as ε→ 0.
Now
ev(τ +A) = |s|2(2ea−1 + 2 + log(2ea−1 − 1))
≤ |s|2 · 4ea−1 ≤ 4eγ−1,
where 0 < δ ≤ 1. It follows that for some sufficiently small εj, the estimate
(3.14)
∫
Ωj
|uε,j|2ω e−ϕdVω ≤ (1 + o(1))4eγ−1
Cε,j,c
δ
≤ C
δ
∫
Y
|f |2ωe−ϕ
|ds|2ω e−λ
dVY,ω
holds for some universal C > 0, as soon as 0 < ε ≤ εj, due to (3.11) and (3.12). Thus for any such
ε > 0, uε,j gives the extension with the desired L
2 estimate in Ωj. Write
uj := uεj ,j .
In conclusion, for each j we have found an L⊗KX -valued (0, q)-form uj of class Ek+1 on Ωj such
that
(3.15) ∂¯uj = 0, uj|Y ∩Ωj = f, and
∫
Ωj
|uj |2ω e−ϕdVω ≤
C
δ
∫
Y
|f |2ωe−ϕ
|ds|2ω e−λ
dVY,ω.
In particular, the right-hand side is independent of j.
3.5. A kind of minimization problem for Ek+1 extensions. First we give an overview of this
subsection. From the above process we conclude that as j →∞, ε is necessarily constrained to be
smaller and smaller. In accordance with the previous practice in L2 extension theory, we would
like to take the limit as ε → 0 of the extensions obtained in the last paragraph. The trouble is
this limit cannot be directly taken due to the singularity of τ as ε→ 0. That is to say, the twisted
∂¯-operators T and S become singular as ε→ 0, and thereby create a loss of control on the constant
C in the statement Theorem 1.1. Furthermore, as the weak limit as ε → 0 may not be a smooth
extension of f , we must look for better ambient extensions on Ωj to ensure that the weak limit of
the sequence of ambient extensions is a smooth extension.
Here we adopt the method of McNeal–Varolin [MV19, § 4.4] to reduce the problem involving
the twisted operators to the untwisted operator, thereby eliminating the dependence on τ .
To attack this problem, we define a subspace which is introduced in [MV19, § 4.4] and in which
we perform our minimization procedure.
Let V 2q (Ωj) denote the Hilbert space closure of the set of all smooth KX ⊗ L ⊗ E∗-valued
∂¯-closed (0, q)-forms β on Ωj satisfying∫
Ωj
|β|2ωe−ϕ+λdVω < +∞,
and then V 2q (Ωj) consists precisely of all those forms in L
2
(
ω, e−ϕ+λ
)
that are ∂¯-closed in the
weak sense. Let B2q (Ωj) denote the closed unit ball in V
2
q (Ωj), i.e.,
β ∈ B2q (Ωj)⇐⇒ β ∈ V 2q (Ωj) and
∫
Ωj
|β|2ωe−ϕ+λdVω ≤ 1.
Let us define the affine ball
Bj := uj + sB
2
q (Ωj) :=
{
uj + sβ;β ∈ B2q (Ωj)
} ⊂ L2 (ω, e−ϕ) .
Now there are three problems to solve:
(i) Every Ek+1 form in Bj is an ambient extension of f .
(ii) There exists a minimizer in Bj.
(iii) The minimizer is smooth.
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Note that we can of course adopt the method of McNeal–Varolin [MV19, (12),(13)] to grasp the
data along Y of any continuous bundle-valued form by taking wedge with the current of integration
[Y ] due to Supp[Y ] = Y . Here we use a simpler direct method but not the current method to
verify the ambient extension relationship.
Proposition 3.3. Every continuous form in Bj is an ambient extension of f .
Proof. Note that verifying the extension or restriction is essentially a local problem. That is to
say, it suffices to prove that (uj + sβ)(x) = f(x) for any x ∈ Ωj ∩ Y and any continuous uj + sβ
in Bj. For any fixed x ∈ Ωj ∩ Y , take any local coordinate (U, z1, z2, . . . , zn) of X around x. Fix
holomorphic local frames σ of KX ⊗L and θ of E over U , respectively, such that s = z1⊗ θ. Note
that
Y ∩ U = {z1 = 0}, β|U =
∑
|K|=q
λKdz¯K ⊗ σ ⊗ θ∗,
where the multi-index K is increasing. Then it suffices to prove
lim
z1→0
z1λK(z1, z2, . . . , zn) = 0 for any increasing multi-index K,
since uj is the ambient extension of f .
According to the definition of B2q , we know that β and thereby λK(z1, z2, . . . , zn) is L
2 integrable
(possibly after shrinking the domain). Then, by the integrability part of Fubini theorem (e.g.
[Ru87, 8.8.(c) Theorem]), |λK(z1, z2, . . . , zn)|2 is L1 integrable with respect to z1 for (z2, . . . , zn)
a.e.. Due to Lemma 2.15, there exists a sequence {z1,ν} such that λK(z1,ν , z2, . . . , zn) ∼ o(|z1,ν |−1)
for any fixed (z2, . . . , zn) a.e.. Then
lim
z1→0
z1λK(z1, z2, . . . , zn) = 0
for (z2, . . . , zn) a.e. due to the continuity of z1λK(z1, z2, . . . , zn). The continuity of z1λK(z1, z2, . . . , zn)
again implies that
lim
z1→0
z1λK(z1, z2, . . . , zn) = 0
for any (z2, . . . , zn). 
For the sake of completeness, we will give the following two propositions, which can be found in
[MV19, § 4.4]. They solve the second and third problems listed above, i.e., the existence (ii) and
the regularity (iii) of the minimizer.
Proposition 3.4. There exists an element of minimal norm Uj ∈ Bj and Uj is orthogonal to
sB2q (Ωj).
Proof. By the Fatou’s lemma and Lemma 2.8, Bj is a closed subset of the Hilbert space L
2(ω, e−ϕ).
Furthermore, it is apparently convex. So Bj has an element of minimal norm Uj.
Suppose that there exists β0 ∈ sB2q (Ωj) such that (Uj, β0) = c 6= 0. Consider the form
α :=
cβ0
‖β0‖2
∈ sV 2q
and set U˜j = Uj − α. Then U˜j ∈ Bj, but
∥∥∥U˜j∥∥∥2 = ‖Uj‖2 − |c|2‖β0‖2 . This contradicts the minimality
of ‖Uj‖. 
Proposition 3.5. ∂¯∗Uj = 0 in the sense of currents.
Proof. For any α ∈ E∞0 (Ωj − Y,L∗ ⊗ Λn,q−1T ⋆X), s−1∂¯α ∈ B2q (Ωj) possibly after shrinking α by
some constant due to the smoothness of s−1 on Ωj − Y . By Proposition 3.4,
(Uj , ∂¯α) = (Uj , ss
−1∂¯α) = 0.
So ∂¯∗Uj = 0, in the sense of currents, on Ωj − Y . The minimality of Uj implies easily Uj ∈ L2loc.
An adaptation of the proof of Lemma 2.8 (=[Dm82, Lemme 6.9]) to the ∂¯∗-equation or a direct
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application of [Bk18, Proposition 4.8] yields that the above equation can extend across Y , i.e.,
∂¯∗Uj = 0 on Ωj. 
It follows from Proposition 3.5 that
0Uj = 0
in the sense of currents, where 0 = ∂¯∂¯
∗ + ∂¯∗∂¯ denotes the untwisted ∂¯-Laplacian unrelated with
τ . So it follows that Uj is smooth on Ωj from the ellipticity of the Laplacian 0 due to the
smoothness of the metric e−ϕ. Thus, Proposition 3.3 gives that Uj is an extension of f . Moreover,
by the estimate (3.15) for uj and the minimality of Uj , we have
(3.16)
∫
Ωj
|Uj|2ω e−ϕdVω ≤
C
δ
∫
Y
|f |2ωe−ϕ
|ds|2ω e−λ
dVY,ω.
3.6. The end of the proof of Theorem 1.1. Now we construct the desired extension. Since
there is no something like the Montel property for holomorphic objects now, we cannot derive any
pointwise convergence information. Then we use the same method as [MV19, § 4.5] since we have
obtained the extension sequence {Uj} naturally satisfying the current equations [MV19, (16)(17)]
of the ambient extension. For the sake of completeness, we show the specific procedure (see [MV19,
p. 439, § 4.5] for more explanations).
As Uj is an ambient extension of f , it satisfies the distribution equations
(3.17) Uj ∧
√−1
2π
∂∂¯ log |s|2 = f ∧
√−1
2π
∂∂¯ log |s|2
and
(3.18) (
∂
∂s¯
yUj) ∧
√−1
2π
∂∂¯ log |s|2 = ( ∂
∂s¯
yf) ∧
√−1
2π
∂∂¯ log |s|2 ,
which have been derived in [MV19, (12)(13)] due essentially to the idea that we can grasp the data
along Y of any continuous bundle-valued form by taking wedge with the current of integration
[Y ] since Supp[Y ] = Y . Note that |s| here is considered as the holomorphic function with respect
to some corresponding local trivialization. Of course, f is only defined on Y . However, we can
extend it smoothly in an arbitrary way to the object of the same type on Ωj. Then the support
of [Y ] forces the above current equation to be well defined on Ωj which does not depend on the
choice of the extension of f .
According to (3.16), Alaoglu’s Theorem shows that (possibly a subsequence of) {Uj} converges
weakly to some U on X with the L2 estimate
(3.19)
∫
X
|U |2ωe−ϕdVω ≤ lim inf ||Uj ||L2 ≤
C
δ
∫
Y
|f |2ωe−ϕ
|ds|2ω e−λ
dVY,ω.
Then 0U = 0 due to that 0Uj = 0, and thus U is smooth.
Now we claim that U is our desired extension, i.e., U satisfies the distribution equations (3.17)
and (3.18). Note that
Uj ∧
√−1
2π
∂∂¯ log |s|2 = −∂¯(Uj ∧
√−1
2π
ds
s
)
and
(
∂
∂s¯
yUj) ∧
√−1
2π
∂∂¯ log |s|2 = ±
(
∂¯(
∂
∂s¯
yUj) ∧ ds
s
− ∂¯(( ∂
∂s¯
yUj) ∧ ds
s
)
)
.
Then it suffices to show that
(3.20) Uj ∧
√−1
2π
ds
s
, (
∂
∂s¯
yUj) ∧ ds
s
and ∂¯(
∂
∂s¯
yUj) ∧ ds
s
are locally integrable uniformly in j, for showing that U satisfies equations (3.17) and (3.18).
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The ellipticity of 0, the Harnack’s inequality and (3.16) tell us that for every compact set K,
there exist some j0 = j0(K) > 0 and CK > 0 such that∥∥∥|Uj| e−ϕ/2∥∥∥
L∞(K)
≤ CK
for all j ≥ j0. The index j0 is large enough to make sure that Uj is defined on Ωj. It follows that
for any compact subset K ⊂⊂ X and j ≥ j0,∫
K
∣∣∣∣Uj ∧ dss
∣∣∣∣ e−ϕ/2dVω ≤ CK
∫
K
∣∣∣∣dss
∣∣∣∣ dVω,
and thus the L1-norm of Uj ∧ dss on K is bounded by a constant independent of j. The similar
argument shows that the other terms in (3.20) are locally integrable. Now we can take limits in
the distribution equations (3.17) and (3.18) to conclude that U also satisfies these equations. Thus
U is our desired extension with the estimate (3.19).
Remark 3.6. Note that we can make a better control on our extension U . In fact, from (3.13),
Theorem 3.2 and (3.14), we know that the universal constant C in (3.15) and (3.19) depends on
c. If we take a smaller c in (3.9), we can get a smaller Cε,j,c in (3.13) according to (3.10),(3.11)
and (3.12). Then we can get a smaller universal constant C in (3.14) and thereby a better control
in (3.19) for our extension U . However, the constant in (3.19) is not a sharp one and then taking
a smaller c may not give more useful information.
Appendix A. Alternative proof of Theorem 1.3
Theorem 1.1 can easily imply Theorem 1.3 as stated in Section 1. Now we present a sketch of
a direct proof of Theorem 1.3.
Just as in Subsection 3.1, we can glue local extensions from Theorem 2.5 and use the same
method of raising the regularity of s−1∂¯f˜∞, to obtain:
Proposition A.1 ([Kz11, Lemma 3.1]). For any k ≥ 0, there exists a smooth section
f˜∞ ∈ E∞(X,Λn,qT ⋆X ⊗ L)
such that
(a) f˜∞ is the intrinsic extension of u,
(b) |f˜∞|ω,L = |u|ω,L at every point of Y ,
(c) ∂¯f˜∞ = 0 at every point of Y ,
(d) s−1∂¯f˜∞ ∈ Ek(X,Λn,q+1T ⋆X ⊗ L⊗ OX(−Y )).
From now on, we fix k ≥ 2.
Using exactly the same constructions and calculations as in Subsections 3.2-3.4, for each j, we
can obtain an L⊗KX-valued (0, q)-form uj of class Ek+1 on Ωj such that
∂¯uj = 0, ι
∗uj = u, and
∫
Ωj
|uj|2ω e−ϕdVω ≤
C
δ
∫
Y
|u|2ωe−ϕ
|ds|2ω e−λ
dVY,ω.
In particular, the right-hand side is independent of j.
Let V 2q (Ωj) denote the Hilbert space closure of the set of all smooth KX ⊗ L ⊗ E∗-valued
∂¯-closed (0, q)-forms β on Ωj satisfying∫
Ωj
|β|2ωe−ϕ+λdVω < +∞,
and then V 2q (Ωj) consists precisely of all those forms in L
2
(
ω, e−ϕ+λ
)
that are ∂¯-closed in the
weak sense. Let B2q (Ωj) denote the closed unit ball in V
2
q (Ωj), i.e.,
β ∈ B2q (Ωj)⇐⇒ β ∈ V 2q (Ωj) and
∫
Ωj
|β|2ωe−ϕ+λdVω ≤ 1.
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Let us define the affine ball
Bj := uj + sB
2
q (Ωj) :=
{
uj + sβ;β ∈ B2q (Ωj)
} ⊂ L2 (ω, e−ϕ) .
Then we have the following proposition.
Proposition A.2. Every continuous form in Bj is an intrinsic extension of u.
Proof. The proof is quite similar with that of Proposition 3.3. It suffices to prove that ι∗(uj +
sβ)(x) = u(x) for any x ∈ Ωj∩Y and any continuous uj+sβ in Bj. For any fixed x ∈ Ωj∩Y , take
any local coordinate (U, z1, z2, . . . , zn) of X around x. Fix holomorphic local frames σ of KX ⊗ L
and θ of E over U , respectively, such that s = z1 ⊗ θ. Note that
Y ∩ U = {z1 = 0}, β|U =
∑
|J |=q−1,1/∈J
λ
(1)
J dz¯1 ∧ dz¯J ⊗ σ ⊗ θ∗ +
∑
|K|=q,1/∈K
λ
(2)
K dz¯K ⊗ σ ⊗ θ∗,
where the multi-indices J and K are increasing.
Then
ι∗β =
∑
|K|=q,1/∈K
λ
(2)
K (0, z2, . . . , zn)dz¯K ⊗ σ ◦ ι⊗ θ∗ ◦ ι.
So it suffices to prove
lim
z1→0
z1λ
(2)
K (z1, z2, . . . , zn) = 0 for any multi-index K,
since uj is the intrinsic extension of u. The leftover argument proceeds just with λK(z1, z2, . . . , zn)
in the proof of of Proposition 3.3 replaced by λ
(2)
K (z1, z2, . . . , zn) here. 
Remark A.3. The current equation method in the proof of [MV19, Proposition 4.4] can also work
to prove Proposition A.2. In fact, the local expressions of β and ι∗β in the above proof can be
used to deduce a current equation characterizing the intrinsic restriction due to that Supp[Y ] = Y .
That is, a continuous KX ⊗ L-valued (0, q)-form U on X is the intrinsic extension of a smooth
KX ⊗ L|Y -valued (0, q)-form u on Y if and only if locally
(A.1) U ∧ √−1∂∂¯ log |s|2 = u ∧ √−1∂∂¯ log |s|2
as KX ⊗ L-valued (1, q + 1)-currents of order 0. Here we adopt the definition of order of currents
in [Dm12, § 2 of Chapter 1]. Note that |s| here is considered as the holomorphic function with
respect to the corresponding local trivialization. Despite u is only defined on Y , the above current
equation is well defined on X due to the same reason as (3.17) and (3.18). The proof of (A.1) is
similar to the proof of [MV19, (12),(13)] characterizing the ambient restriction. Then we can also
use this characterization (A.1) to verify Proposition A.2 as the proof of [MV19, Proposition 4.4].
Using Proposition A.2 and the similar results to Propositions 3.4 and 3.5, we can obtain an
element Uj of minimal norm in Bj satisfying 0Uj = 0. Then Uj is smooth and thereby the
intrinsic extension of u on Ωj by Proposition A.2. Of course, Uj satisfies (A.1). At last, by the
same method of extracting weak limits of some subsequence of Uj as j →∞ as in Subsection 3.6,
we can obtain our desired extension.
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